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Abstract

Observation of rotation variations and tides provides constraints on the interior properties of celestial bodies. Both
can be precisely measured with a 6DoF (Degrees of Freedom) motion sensor placed on their surface. This type

of instrument measures rotation rates and linear accelerations in a large frequency band, which includes the fre-
guencies involved in the tides and rotation variations. A novel sensor under development aims to measure rates

and accelerations with an amplitude spectral density of 2 rad s~ '"Hz~'/2 and 20 wm s~2Hz~!/? respectively in its
compact version and three orders of magnitude better (5 nrad s~'Hz~'/?and 10 pm s~2Hz~1/?, respectively) with its
high-performance version. Here, we compare these instrument performances with the precision required to meas-
ure rotation and tides in order to improve our knowledge of the interior of nine celestial bodies identified as targets
for future space missions: Dimorphos, Phobos, Europa, lo, Titan, Enceladus, Triton, the Moon and Mars. Results indicate
that Phobos, the Moon, and Mars cannot be investigated with the compact model, but that the interior of the other
bodies can be constrained through measurements of rotation rate, and/or centrifugal acceleration, and/or tidal accel-
eration. We also find that the high-performance prototype instrument is suitable for acceleration measurements for all
nine bodies, but not adequate for inferring interior constraints from rotation rate measurements for Triton, the Moon,
and Mars. The signatures of the interior in the rotation rate and centrifugal and tidal accelerations also provide scien-
tific requirements for future developments of 6DoF motion sensors for these nine bodies.
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Introduction

Unlike the atmosphere or surface layers, the deep interior
of a celestial body cannot be directly observed. To infer
information about the interior, indirect observations are
used such as the body’s size, mass, rotation, gravity field,
magnetic field and surface deformations. In this study,
we focus on the rotation changes and tidal deformations
that can both be measured by a newly developed 6DoF
(Degrees of Freedom) motion sensor as the one proposed
by the PIONEERS project. PIONEERS, which stands for
Planetary Instruments based on Optical technologies for
an iNnovative European Exploration using Rotational
Seismology, is a project funded by the Horizon 2020
research and innovation program of the European Com-
mission to set the basic scientific requirements of a 6DoF
motion sensor and provide an outlook of what science
can be expected from the deployment of such an instru-
ment in the Solar System.

Two different types of sensors are being developed in
the PIONEERS project to address a wide range of appli-
cations: a compact model and a high-performance pro-
totype sensor. The first consists of three orthogonally
aligned quartz vibrating beam accelerometers based on
Micro-Electro-Mechanical Systems (MEMS) technology
and three orthogonally aligned Fiber-Optic Gyroscopes
(FOGs). FOGs have significant potential to accurately

measure rotational motion over a broad frequency spec-
trum while maintaining a high dynamic range. The oper-
ating principle of FOGs is based on the Sagnac effect,
as described by Laue (1911) and Sagnac (1913), which
exploits the differences in optical path lengths between
two counter-propagating beams within a rotating opti-
cal fiber loop. These devices are widely used as rotation
rate sensors in gyrocompasses and inertial measurement
units, especially in inertial navigation (e.g. Lefevre (1997).
The PIONEERS instrument is based on a specialized
FOG tailored for rotational seismology, the blueSeis-3A
from iXblue (France), as presented by Bernauer (2018).
The three FOG sensors measure the absolute rotation
rate vector of the instrument in the 0-1000 Hz frequency
range allowing to infer both the rotation rate of the plan-
etary body and long and short-period variation of this
rotation rate (Lefévre 1997). The biases of such sensors
are usually very low due to a proper temperature calibra-
tion. MEMS are commonly used for acceleration sens-
ing in various applications, including strong-motion and
engineering seismology as well as inertial navigation.
These devices are characterized by their compact size,
typically ranging from a few millimeters to centimeters.
They integrate logic circuits and mechanical structures
onto a microchip, and provide benefits such as effi-
cient power usage, sleek design, and durability [e.g. the
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Short-Period (SP) sensors featured on the InSight mis-
sion (Lognonné et al. 2019)]. In specific, the integrated
MEMS sensor is a quartz vibrating beam navigation
grade accelerometer, which monitors the deformation
of a vibrating beam under the influence of an accelera-
tion (Loret et al. 2014). The use of these three MEMS
sensors allows to measure the acceleration vector of the
instrument in the same frequency range as the rotation
rate measurements. These measurements are calibrated
relative to temperature variations as well. Performance
targets for the compact model include self-noise levels
of 2prad s 'Hz~1/2 and 20 pms~2Hz /2 within a fre-
quency range of 0.01 Hz to 400 Hz.

The high-performance prototype integrates a Very
Broadband (VBB) seismometer with an optical readout
to measure translational motion, along with a giant fiber
optic loop (from 0.5 m to 1 m) for rotation rate sens-
ing. The implementation of a band-pass response with
respect to acceleration enables highly sensitive broad-
band recording, while also mitigating problems related
to saturation caused by impulsive disturbances, long-
term thermal drifts, and tilt (Wielandt 2012). The VBB
used in the high-performance model employs a readout
devices approach based on laser interferometry princi-
ples to track the seismic mass position (see Berger et al.
(2014) for a detailed comparison of different VBBs). The
performance targets for this configuration are self-noise
levels of 5nrad s 'Hz~'/2 and 10 pm s~2Hz /2 across a
frequency range of 0.001 Hz to 10 Hz.

The two instruments are still under development. The
compact version will reach Technology Readiness Level
(TRL) 5/6, while the high-performance model is being
developed at TRL 3/4. To date, the FOGs of the compact
models have been tested by measuring the Direct Current
(DC) rotation rate of the Earth as well as high-frequency
rotation rate variations induced by the vibration environ-
ment of the testing facility, showing that the instrument
performs as designed. Tests of the high-performance
version will be carried out in the coming year. Project’s
milestones and development can be followed from the
project’s web-page (The PIONEERS consortium 2019).

The scientific objectives of the 6DoF PIONEERS instru-
ment threefold: (1) computing the landing trajectory of a
free-falling lander; (2) determining the rotational dynam-
ics and tidal deformation of planetary objects; and (3)
measuring seismic activity from the surface of celestial
bodies (Bernauer et al. 2020). In this paper we focus on
the second objective, and explain and discuss in detail
the ability of the PIONEERS instrument to measure the
rotational and tidal motions of a celestial body. Such geo-
detic quantities are of paramount importance for under-
standing the interior properties of planetary bodies. Both
tides and rotation are sensitive to the interior structure
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and to the presence of internal liquid layers in particu-
lar. Separately or together, they have been used to detect
and characterize a liquid core in the center of planets
[e.g. Yoder et al. (2003); Le Maistre (2023) for Mars, Mar-
got et al. (2007),Steinbriigge et al. (2018); Genova (2023)
for Mercury] or subsurface oceans in icy moons [e.g.
Iess (2012); Baland et al. (2011); Tajeddine et al. (2014);
Thomas (2016); Van Hoolst et al. (2016)]. None of these
previous discoveries relied on a 6DoF sensor though.
They were mainly determined from radiometric observa-
tions or from optical data. The accuracy of the radio data
is limited by the propagation noise affecting the radio
waves, and both radio and optical data accuracies depend
on the spacecraft trajectory accuracy when carried out
from orbit. Other techniques using star trackers from
the surface of bodies [e.g. Le Maistre et al. (2013)], radar
speckle observations from Earth (Margot et al. 2007), or
altimeter crossover measurements from orbit [e.g. Rosat
et al. (2008); Mazarico et al. (2010); Stark (2015); Bertone
et al. (2021)] have been used to measure tides and rota-
tion. When possible, the performance of our PIONEERS
instrument will be compared to the performances of all
these alternative techniques in the present paper.

We first present the PIONEERS observables that will
be used to constrain the interior of planets, namely the
rotation rate, centrifugal and tidal accelerations. We then
assess the contribution to these observables from the
interiors of nine bodies in our Solar System that have
been identified as future or potential targets for upcom-
ing deep space missions: Dimorphos, Phobos, Europa, Io,
Titan, Enceladus, Triton, the Moon and Mars. The result-
ing ranges of velocities and accelerations are then used to
define the precision required to constrain the interior of
each of these bodies using a 6DoF sensor. Finally, we dis-
cuss the results and compare the required accuracies in
the determination of the bodies’ rotation rate, centrifu-
gal and tidal accelerations with the precision levels of the
PIONEERS prototypes developed by iXblue and the mis-
sion requirements.

Rotation and Tide observables of a 6DoF sensor

The angular velocity vector (in a body-fixed frame) of
the nine considered celestial objects is generally not uni-
form because of the presence of free rotational modes
or because they undergo time-varying gravitational tor-
ques exerted by other solar system bodies. The way a
planetary body changes its rotation and orientation in
response to the external forcing is influenced by its inter-
nal structure and the dynamics of its fluid layers, if any.
A fluid core or a subsurface ocean can notably change
the rotation of a body since they can rotates with a dif-
ferent rate and around a different axis than the solid
layers it interacts with [e.g. Van Hoolst et al. (2013)].
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Bodies with an atmosphere like the Earth, Mars, Venus
or Titan experience rotation variations resulting from
angular momentum exchanges between the solid body
and the atmosphere. The rotation rate variations are usu-
ally either named Length-of-Day (LOD) variations for
atmospheric planets or longitudinal librations for bod-
ies in spin—orbit resonance (see details on libration and
ALOD in Van Hoolst (2015)). In the rest of the paper we
will always use the word “libration” to denote periodic
variations in the rotation, even for Mars where ALOD
would be more suitable. Note that only one wave is con-
sidered in our models as, for synchronous rotators, the
libration amplitude at orbital frequency is much larger
than the amplitude at harmonic frequencies and is most
suitable to infer interior structure properties of the body
[see discussion in Le Maistre et al. (2013) for Phobos and
see Van Hoolst et al. (2013) for further details]. Libra-
tions at a free libration frequency might in principle have
an even larger amplitude but would require an unlikely
large recent excitation. Since these amplitudes can also
not reliably be predicted we do not consider them any
further. Librations at frequencies of orbital perturbations
can have amplitudes comparable to those of the libration
at orbital frequency (see, e.g. Yseboodt et al. (2013) for
the case of Mercury, Rambaux et al. (2011) for the Gali-
lean satellites), but must be observed over much longer
timescales to be estimated because of their longer peri-
ods. We here do not further consider those signals. We
also restrict ourselves here to longitudinal libration and
do not consider other usually smaller time-varying rota-
tion variations such as polar motion or nutation.

The rotation rate, which is an observable of our 6DoF
sensor, is expressed as a function of the libration quanti-
ties (denoted with subscripts L) as follows

Q) = Qo<1 . A cos (QLt)>’ W

2
where ¢ is the time, Q; is the libration frequency and
Ay is the libration amplitude expressed in radian, which
depends on the interior properties and/or of the dynam-
ics of the atmosphere of the body. We chose the origin
of time so that the phase of libration is equal to zero. For
bodies in 1:1 spin—orbit resonance such as the Moon,
most of the satellites of Jupiter and Saturn and some
binary asteroids, €2 is equal to the mean rotation fre-
quency 2, which is also equal to the orbital frequency
27 / Torp (Torp is the orbital period).

In addition to the rotation rate, a 6DoF motion sen-
sor can measure the centrifugal acceleration induced
by the body’s librations, as well as the tidal acceleration
generated by the primary body (mother planet, pri-
mary asteroid or Sun). The centrifugal acceleration that
will be measured by a sensor located on the surface is a
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translational acceleration whose amplitude depends on
the latitude ¢ of the sensor as

ac(t) = Q(t)%r cos(¢), 2)

where r is the distance from the center of the body.

The tidal acceleration ar that will be measured by the
6DoF motion sensor is the combination of the direct tidal
acceleration at the surface aqr, the tidal displacement of
the ground described by the Love number /4, and the
effect of the mass redistribution due to the tides related
to Love number k (Love 2015) according to
ar = aqr (1 +h— %k) The direct tidal acceleration can

be estimated evaluating the perturbations on the body’s
potential due to tides and the total tidal acceleration can
be expressed as

GM,r
i 8

ar(®) =823 (3)

where § =1+ h — %k is the so-called tidal gravimeter
factor, I' = 6e for synchronous bodies or I' = % for fast
rotators, e and d are the eccentricity and the distance to
center of mass of the perturbing body. Because d varies
over time, we determine the average amplitude of the
tidal signal by calculating the mean distance of the body
w.r.t. the primary. A detailed derivation of Eq. (3) is given
in Appendix A.

Equations 1-3 describe the observables of the PIO-
NEERS motion sensor. Because we are interested in the
bodies’ interior properties, which affect the libration
amplitude Ay in Egs. (1, 2), we rewrite the observables as
the difference between the measured rate and accelera-
tion and those of a body rotating at the constant rate Q:

A Qrt
Qpp = Qo (LCO;T(L)> (4)
2
Aoy, = Q% <ALC(;S7§QLO> r cos(). (5)

Following the same procedure, we could have rewritten
the tidal observable as a7 — aqr, given the fact that the
dependence to the interior of the tidal acceleration is car-
ried by the Love numbers (4, k). However, this does not
give any added value and we prefer to use § as the param-
eters of interest to infer the interior from tidal accelera-
tions. We thus keep Eq. (3) to model that observable.

As explained in “Introduction” section, both the PIO-
NEERS models feature three FOG sensors that measure
rotation rate variations and three MEMS sensors that
measure linear and centrifugal accelerations and their
short-period variations as those induced by seismic
events or by the interactions between the lander and the
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ground. Consequently, the two instruments are able to
perform independent measurements of the rotation and
the acceleration vectors.

Interior signatures

The science requirements for the instruments design
are defined based on the physical signal one wants to
detect. In our case, such a signal corresponds to the
signature of the interior in the body’s rotation rate and
centrifugal acceleration as well as in the tidal accelera-
tion. In this section, we propose a method to determine
the precision of the PIONEERS observables needed to
improve our knowledge of the interior of a given body.
This corresponds to the measurement precision needed
to distinguish between different interior model pre-
dictions. For that, we must measure with an error sig-
nificantly smaller than the signal itself and than the
difference between two end member predictions. Model
predictions are based on Egs. (3-5) and the ranges
of interior signature in the observables are obtained
by substituting the expected amplitude of libration in
Egs. (4, 5) and that of the expected tidal gravimeter fac-
tor in Eq. (3) by the minimum (Az_, ,8min) and maxi-
mum (Az,...,Smax) values allowed by interior models.
The precision needed for the observables shall thus be
smaller than (A7, — Az, )0(Rot)/d(AL) for the rota-
tion observables with Rot € {Qy;; a., }, and smaller than
(6max — Smin)0gqr/08 for the tidal observable. Conse-
quently, the needed precision in the rotation rate meas-
urement can be defined as

A —Ar
— Q max min s
po =K 0<2n ) (6)

that of the centrifugal acceleration measurement as
ALmax — ALmin
Pa. = KQ% (n r cos(¢), (7)

and that of the tidal acceleration measurements as

GM,r
Par = K (Omax — amin)Tr, (8)
where d is the average distance to the perturbing body
and « is a scale factor to be set within ]0; 1[ given the level
of precision wanted.

The geophysical signal in the PIONEERS observables
could be hidden by errors in other quantities defining
them, namely Qo, 2, r and ¢ for the rotation and of
G, My, r, T and d for the tides (see Eqgs. 3, 4 and 5). The
time tag errors, which affect all types of data, must also
be maintained (by design) smaller than the interior sig-
nal. For the real data analysis, all these errors will have to

be taken into account when inferring interior properties
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from the observables. A per-body rough estimation of
these levels and a short discussion about them is pro-
vided in Appendix B.

As explained, the PIONEERS instrument is a combina-
tion of a FOG, a MEMS and a VBB whose performances
are expressed in the frequency domain. Therefore, the
above precisions shall be expressed in this domain if we
want to compare them to the sensor self-noise level or
translate them into requirements for the instruments of
future missions. The Amplitude Spectral Density (ASD)
of a pure sine wave of amplitude S, as those involved in
our rotational and tidal observables, can be calculated as
a function of the total observation duration (or mission
duration) defined as t,,, = n * T, (with n € N)

Sasp = SV/tm/2. 9)

The interested reader may refer to Appendix C for a full
derivation.

Physical and dynamical parameters of the selected
bodies

The nine bodies considered in this study have been iden-
tified by the scientific community and space agencies as
targets for future missions. Besides the five ones consid-
ered in Bernauer et al. (2020), namely Dimorphos, Pho-
bos, Europa, The Moon and Mars, we also consider here
Io, Titan, Enceladus and Triton for the reasons explained
below.

An orbiter mission to lo was proposed for the NASA
Discovery program, but was not selected (McEwen
et al. 2019). Nevertheless, Io will be studied through
a couple of flybys of Juno in 2024 (Hansen et al. 2022)
and will most likely be the target of a future mission,
as the least known Galilean moon in the Jovian sys-
tem, after the JUICE and Europa clipper missions are
completed. Measurement of Io’s tides and rotation
variations are key since one can use them to charac-
terize the melt zone and confirm or nor the presence
of a global magma ocean beneath the surface (Bierson
and Nimmo 2016; Van Hoolst et al. 2020). Identified as
ocean worlds from Cassini’s tides and rotation meas-
urements (Iess 2012; Thomas 2016), both Titan and
Enceladus are attractive bodies that will be visited again
in a near future. The NASA Dragonfly lander mission,
planned for arrival at Titan in the mid-2030 s (Barnes
2021), is a good candidate to host our compact sensor,
as is the lander of the proposed Enceladus Orbilander
NASA flagship mission, which will be dedicated to
search for chemicals conducive to life in the ocean of
Enceladus (MacKenzie 2021). Triton as well has always
attracted interest from the scientific community as evi-
denced by the multiple mission proposed after the only
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close encounter made by Voyager 2 in 1989. Neptune
Odyssey is the last mission proposed by NASA to the
Neptune-Triton system (Rymer 2021). It includes an
orbiter and an atmospheric probe. Odyssey has unfor-
tunately been recently abandoned in favor of a mission
to the Uranian system, but this is only a postponement
since studying Neptune, its rings, moons and space
environment as well as Triton is of primary importance
(National Academies of Sciences, Engineering, and
Medicine 2022).

We describe here the selected physical and dynamical
parameters of the aforementioned bodies that we used
for the calculation of the expected rotation and tidal
signals and their amplitude levels. Most of these values
are taken from the literature and they are gathered in
Table 1. For Dimorphos and Triton, the values are eval-
uated and discussed here below.

The asteroid binary system Didymos—Dimorphos is
the target of the NASA Double Asteroid Redirection
Test (DART) mission. DART is the first demonstration
of the kinetic impactor technique in the framework of
Planetary Defense techniques (Rivkin and Cheng 2023).
Physical characteristics of Dimorphos have been esti-
mated by Daly (2023) using the DRACO camera on
board the spacecraft. Post-impact orbital character-
istics are described by Thomas (2023). The librations
remained unassessed during the DART mission; how-
ever, the forthcoming ESA’s Hera mission (Michel
2022) holds the promise of filling this knowledge gap.
We therefore rely on the latest predictions of the rota-
tion dynamics. The libration angle of Dimorphos is
highly dependent on changes to its velocity, and there-
fore Dimorphos has a different libration state after the
DART impact (Richardson 2022). The libration of the
secondary is expected to be close to zero pre-impact
and up to a maximum of 7° for the post-impact nominal
case. However, from the parametric study realized by
Richardson (2022) to overcome the multiple unknowns
of the secondary dynamics and shape, as well as the
impact effects, four resonance frequencies have been
determined that can be reached by a multitude of com-
bination of semi-axis ratios leading to a chaotic motion
or attitude instability. For the majority of semi-axis
ratios combinations such as a/b > 1.3, the maximum
libration angle in longitude is about 45°. We therefore
choose a libration amplitude Aj, range from 6° to 45°
taking out the resonance cases since a conservative
instrument design will not jeopardize its functioning
for higher magnitudes of the measured signal (Fig. 1).

Given that tides affecting the Didymos system are cur-
rently poorly constrained, we compute the tidal Love
numbers assuming a deformable, homogeneous and
incompressible spherical body according to Love (2015)
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(10)

h:5k:5<1
3 2

-1
oy
2 gpr
where p is the bulk density of the body, g the surface grav-
ity, r the mean radius and u the rigidity of the rocks that
compose it. Since it is believed that Dimorphos could
be a rubble-pile body, we use fi, = /jt/€y to compute
its rigidity Goldreich and Sari (2009). According to the
nominal values of the system as assumed by Daly (2023),
we set p = 2400 £ 300 kgm~2 and r = 75.5 4+ 1.25 m.
Following Naidu (2020), the Young’s modulus E is fixed
at 107 Pa, the Poisson’s ratio v equal to 0.25 and the yield
strain €y equal to 1072, We calculate the shear modu-
lus © from the equation of isotropic materials result-
ing in i, # E/(2(1 + v))ey) ~ 6kPa and therefore
h €[2.86 —4.25] x 10~*and k € [1.72 — 2.55] x 107
It will be much more challenging to probe the inte-
rior of Triton from the measurement of its rotation and
tides because both are expected to be very small due to
its orbital eccentricity close to zero (e ~ 107>, Jacob-
son (2009)). The libration amplitude Ay of Triton can be
expressed as (Duxbury and Callahan 1981):

2e
T (11)

where y = (B— A)/C and (A < B < C) are the principal
moments of inertia. Actual knowledge of Triton’s shape
is not accurate enough to constrain its moment of iner-
tia (Thomas 2000). We calculate the relative difference
between moments of inertia from the secular Love num-
ber ks (a measure of the body-yield to centrifugal defor-
mation in the course of its secular evolution) using Eq. 20
from Comstock and Bills (2003):

45ksq

Y = 18+ 25k (12)

q=M, /My(r/a)? is a dimensionless quantity where M,
is the mass of Neptune, M, and r are the mass and the
radius of Triton, respectively, and a is the orbit’s semi-
major axis. Differently from Comstock and Bills (2003),
who took the hydrostatic value ks = 3/2, we consider
a range of values in agreement with values of other icy
satellites with which Triton shares most of its physical
characteristics, i.e. ks € [0.9 — 1.5] (McKinnon and Kirk
2014). The resulting range of Ay, is[3.2°,5.4°] x 107° (ie.
only at milliarcsecond level) showing that the variations
of Triton’s rotation rate and acceleration are very small
(see Table 1). The signatures of the internal structure are
then expected to be even smaller, unless the presence of a
subsurface ocean would strongly increase the amplitude
(Van Hoolst et al. 2013). To calculate Triton’s tides, we
calculate a set of interior structure models of Triton that
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satisfy the observed mass and radius. Similarly to other
outer Solar System satellites, we assume that Triton has
a metallic core, a silicate mantle and an icy shell, with a
possible subsurface ocean. We further assume that the
interior is hydrostatic (follows the fluid pressure—depth
relation). By solving the equation describing the defor-
mation of a self-gravitating, spherically symmetric body
(Alterman et al. 1959; Sabadini and Vermeersen 2004),
we calculate the Love number /47 and k» and we predict
hy € [0.15 — 1.2] and ky € [0.1 — 0.32]. We assumed that
the ice shell, ocean, mantle and core have a uniform den-
sity and that they are incompressible.

Predicted signals levels and required precision

For each body considered in this paper, we computed the
interior-related ranges of rotation rates and centrifugal
and tidal accelerations using the physical and dynamical
parameters provided in Table 1. The difference between
the minimum and the maximum values of each range is
shown in Fig. 2. It corresponds to the level of the signa-
ture of the bodies’ interior in the observables. Libration
and tidal periods are considered to be equal to the bod-
ies’ orbital period, T,p,. The centrifugal accelerations are
evaluated at the equator (i.e. with ¢ = 0in Eq. 2). As per
the order of magnitude of the differences in the rotation
rate, three bodies stand out: Triton, the Moon and Mars.
These are very challenging targets for a 6DoF sensor
since the low eccentricity of Triton leads to a small rota-
tion rate and a small centrifugal acceleration, whereas the
rotation rates of Mars and the Moon are already precisely
measured. Figure 2 also shows the predicted contribu-
tion of the interiors to tidal accelerations. Two bodies
can be distinguished by their tidal signal, which is much
greater than the others for Io and much smaller than the
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others for Dimorphos. The former is due to the fact that
we account for the effect of a subsurface magma ocean in
the calculation of the tidal gravimeter factor (8) of Io. For
Dimorphos, the signal is extremely small due its small
size and to the small mass of Didymos. It is worth noting
that the ranges computed for the outer system bodies are
rough estimates since only limited data are available for
most of them (see references in Table 1). For all bodies
in spin—orbit resonance, we considered the tides related
to their non-zero orbital eccentricity. These eccentricity
tides are larger than the obliquity tides, which are due to
the moon’s axial tilt relative to its orbital plane (see Tyler
(2009)), except for Triton, which has a very small eccen-
tricity of 1.6 x 107> but a significantly large obliquity of
up to 0.7° Chen et al. (2014). As a consequence, Triton’s
obliquity tides are three times larger than its eccentricity
tides. However, since the required measurement preci-
sion is the one that allows distinguishing between differ-
ent interior model predictions, and because both types
of tidal accelerations linearly depend on the gravimeter
factor (see Eqs. 8 and 17 of Appendix A), the instrument
requirement is roughly the same for both obliquity and
eccentricity tidal accelerations.

Given the signal shown in Fig. 2, we have computed the
precisions needed to infer information about the bodies’
interior. Tables 2 and 3 show the results that have been
obtained by setting x = 0.1 in Eqgs. (6-8), to measure the
signals with a precision one order of magnitude better
than the difference between the minimum and maximum
contributions from the interior.

Assuming a mission duration £, 10 times longer than
the orbital period of the body, we then compute the ASD
of these targeted precisions using Eq. 9 to convert them
into instrument requirements. For Mars, we set a mission

Table 2 Required measurement precisions in the rotation rate and acceleration along with the associated 6DoF instrument

requirements corresponding to the ASD of these precisions

Body Libration frequency 2 P2uso Pa. Pac,, Mission
(Hz) [rads—" [rad/s/~/Hz] ims—2] (m/s?/+/Hz] duration
(days)
Dimorphos 2330 x 10~ 155 % 107° 716 x 1074 371 x 1078 172 %107 5
Phobos 3628 x 107° 127 x 107° 470 x 1077 640 x 1079 238 x 1070 3
Europa 3.259 x 107° 787 x 1071 9.75 x 1078 503 x 1077 6.23 x 1076 355
lo 6.542 x 107° 297 x 1079 259 x 107° 444 % 107/ 388 x 1074 175
Titan 7.259 x 10~/ 443 x 10712 116 x 1078 1.04 x 10710 272 x 107/ 160
Enceladus 8436 x 107° 442 x 10710 340 x 1077 118 x 1078 909 x 1076 14
Triton 1969 x 107° 740 x 1071° 118 x 107" 247 x 10713 395 x 10710 60
Moon 4209 x 1077/ 111 x 1071 380 x 107" 1.02 x 10713 351 x 10710 275
Mars 1.128 x 1072 400 x 1074 6.89 x 10710 192 x 107" 331 x 1078 687

The mission duration used to compute the requirements (i.e. ASD quantities) corresponds to 10 times the orbital period except for Mars for which we set to be equal

to one martian year
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Table 3 Required measurement precisions in the tidal

acceleration along with the associated 6DoF instrument

requirements corresponding to the ASD of these precision

Body Tidal frequency pg, Par,, Mission

_2 i

(H2) s myst/VHD) e

Dimorphos 2330 x 107° 282 %1072 131 x 10710 5

Phobos 3628 x 107 396 x 10710 147 x 1077 3

Europa 3.259 x 107° 141 %1077 175x 1074 35

lo 6.542 x 107° 145 % 107 127 x1072 18

Titan 7.258 x 10~/ 187 x 1077 490 x 1074 160

Enceladus 8435 x 107° 162x 1077 125x 1074 14

Triton 1969 x 1070 120%x 107% 191 x10°¢ 60

Moon 4236 x 1077/ 321 x1071% 110 x 1076 275

Mars 1685 x 1078 331 x 107" 359 % 107/ 687

The mission duration used to compute the requirements (i.e. ASD quantities)
corresponds to 10 times the tidal period except for Mars for which we set to be
equal to one martian year

duration equal to one orbital period (i.e. one martian
year) to keep reasonable mission duration. In Figs. 3,
4, 5, these instrument requirements (also reported in
Tables 2 and 3) are superimposed with the self-noise lev-
els of the PIONEERS instrument, which are defined for
f > 0.001 Hz (Bernauer et al. 2020):

« Rotation rate measurements: 2 purad/S/+/Hz for the
compact version and 5nrad/S/+/Hz for the high-
performance prototype,

+ Translational (centrifugal and tidal) acceleration
measurements: 20 um/sz/«/H_z for the compact ver-
sion and 10 pm/s®/+/Hz for the high-performance
prototype.

We assume that these noise levels are constant below
0.001 Hz, i.e. for libration and tidal frequencies (see
Tables 2 and 3). In fact, thermal variations will introduce
a noise at the same frequencies as libration and tides,
with amplitudes depending on the environment and on
the system in which the sensor is integrated. However,
we neglect such thermal noise because it will most prob-
ably be shifted in phase with respect to the target signals
and can be calibrated using a model derived from ground
measurements.

Under the above assumptions (ie. « =0.1,
tm = 10 x T, and the noise levels), one can conclude
that the compact version of the 6DoF sensor would only
be suitable for measuring the rotation rate of Dimorphos
and Io (Fig. 3), while the high-performance (HP) version
of the instrument would be good enough to make use
of rotation rate measurements also for Phobos, Europa,
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Titan and Enceladus. For Triton, Mars and the Moon, an
even high-performance sensor would be needed to meas-
ure the rotation rate with enough precision to gain infor-
mation about their interior. In Fig. 4, one can see that the
HP version would allow to constrain the interior of the
nine bodies by measuring the centrifugal acceleration on
their surface and that the compact version would still be
suitable for a mission to Io. (For Europa and Io in par-
ticular, the radiation environment might place enormous
challenges on mission and sensors. We assume here that
our sensor will be well-protected from such aggressive
radiations.) Similarly, tidal accelerations (Fig. 5) can be
measured with the HP sensor with sufficient accuracy for
all selected bodies while the less precise compact model
would not meet the required accuracy for Dimorphos,
Phobos, Triton, the Moon and Mars. It is finally interest-
ing to note that combining the three observables allows
the compact version of the PIONEERS instrument to
constrain the interior properties of all the bodies consid-
ered in this study except Phobos, Triton, the Moon and
Mars. Moreover, such a combined analysis would cer-
tainly be very powerful to infer the bodies’ interior due
to the complementarity of these observables (see Van
Hoolst et al. (2020) for an example of this complementa-
rity for lo).

The labels (framed numbers) in Figs. 3-5 indicate the
target accuracies of the libration amplitudes, expressed
in degrees, and that of the tidal gravimetric factors ena-
bling direct comparison with other instrument perfor-
mances published in recent literature. In particular, we
compare with the performances predicted for the Radio-
Science (RS) experiment of the Europa Clipper mission
(Mazarico et al. 2023), those of a multidisciplinary exper-
iment on board the Hera mission to the Didymos system
(Michel 2022), and those of an experiment combining
RS and star-tracker measurements collected from the
surface of Phobos (Le Maistre et al. 2013). The Europa
Clipper RS experiment foresees a determination of the
libration amplitude with ~400 m (i.e. 0.015°) uncertainty,
and a determination of the tidal Love numbers k; and /5
with uncertainties of 0.014 and 0.1, respectively (Mazar-
ico et al. 2023), which translates into an uncertainty of
0.12 on §. The former is 10 times larger than the precision
needed (~ 40 m), and that we can reach with both PIO-
NEERS models as shown in Fig. 3, to constrain Europa’s
interior from libration. The latter is 2 orders of magni-
tude higher than the 0.004 target precision for §, easily
achievable with PIONEERS. We note that an RS experi-
ment on an orbiter mission will be more precise than a
multi-flyby mission as Europa Clipper. The ESA JUICE
mission (Grasset 2013), which will be inserted in orbit
around in Ganymede in 2034, is expected to measure k
of Ganymede at the level of 10~* (Cappuccio 2020) and
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to reach a measurement accuracy of on /4y of a few per-
cent (Steinbriigge et al. 2015). Assuming a typical value of
hy of 1.3 and an accuracy of 2%, we determine an uncer-
tainty in 8 at 10~2. If we use this value as an order of mag-
nitude of the expected precision of tidal measurements
from a spacecraft orbiting an icy moon, we find that it
will only outperform the target precision of Io by 1 order
of magnitude. The Dimorphos libration will be estimated
by Hera with a 0.02° precision (Gramigna et al. 2023) by
combining direct-to-Earth RS data with Inter-Satellite
radio links, optical data and altimetric data. This is 2
orders of magnitude better than what we can get from
the PIONEERS compact model, but 3 orders of magni-
tude higher compared to the rotation rate measurement
precision reachable with PIONEERS HP model alone (i.e.
without using other instruments). No prediction for the
measurement of tides by Hera has been published so far.
Finally, the Japanese Martian Moons eXploration (MMX)
mission will be put in orbit around Phobos in a couple of
years and should determine the Phobos libration ampli-
tude with a 0.02° accuracy (Matsumoto et al. 2021). This
is 10 times larger than our target accuracy. RS from a
lander would meet the required precision for the libra-
tion estimate, but would still be unable to measure tides
with sufficient precision (Le Maistre et al. 2013). At Pho-
bos, the PIONEERS compact/HP model would measure
in about 3 days the libration amplitude at the 2 x 103°
level and the tides with 7 x 107° precision, while RS and
star-tracker would provide libration with 0.001° uncer-
tainty and tides with 0.001 uncertainty after a couple of
weeks of operation (Le Maistre et al. 2013), showing the
great interest of the PIONEERS instrument.

Mission duration is a key parameter in defining instru-
ment performance. To properly measure periodic sig-
nals, the best is to get observations over a duration t,,
larger than one entire period T of the target signal, i.e.
tym = nT with n > 1. This is why we computed the ASD
of the required precisions assuming the nominal mission
duration to be 10 times the period of the rotational and
tidal motions. For the sake of inter-body comparison,
we kept n = 10 for each quantity reported in Tables 2
and 3 and in Figs. 3, 4, 5, except for Mars for which we
set n =1 to avoid an unrealistically long mission (~20
years). This setting leads to quite stringent duration for
a mission at Titan (160 days), at Triton (60 days) or at the
Moon (275 days). However, one could think of reduc-
ing these missions life time (with 1 < n < 10) given the
margin offered by the instrument performances (i.e. the
difference between PIONEERS’s self-noise (horizontal
lines) and body-dependent required accuracy (black cir-
cles) in Figs. 3-5). Indeed, because the needed accuracy,
when expressed in ASD, depends on the mission dura-
tion according to 4/%,,/2, one can easily identify the best

Page 10 of 20

suited £,, that would make the mission as short as pos-
sible while guaranteeing the scientific objectives. Fig-
ure 6 shows how much varies the required instrument
precision as a function of the number # of orbital peri-
ods covered by the mission with respect to the nominal
case of n = 10. For instance, if the mission life time is
reduced to its minimum (i.e. # = 1), then the precision
to achieve is ~70% smaller than if we were taking meas-
urements over 10 periods (# = 10) as considered above.
This approach reduces instrument-related challenges and
significantly eases lifetime-related constraints in mis-
sion design. However, it comes at the cost of only being
able to observe for a single orbital period. Generally
speaking, Fig. 6 shows us that the longer is the mission
relatively to the orbital period of the celestial body, the
more demanding is the instrument precision needed to
probe the interior of a celestial object (note that the three
observables will be affected the same way by the mis-
sion duration since £, appears only in the ASD conver-
sion factor). There is a balance between the instrument
performance and the mission duration that we can tune
to optimize the mission scenario given by the margin of
the body-dependent required accuracy w.r.t. the instru-
ment self noise as explained above. For instance in the
case of the Moon, the usage of the HP sensor permits to
reduce the mission duration to one orbital period since it
would measure tidal accelerations with the required pre-
cision already after 27 days. Similarly, one could reduce
the problematic duration of a mission to Titan or Tri-
ton down to one orbital period (i.e. 16 days and 6 days,
respectively), and still get information about their inte-
rior from tides’ measurements using the compact sensor
or the HP sensor. For Titan, it is also possible to use the
HP sensor measuring rotation rate if the mission dura-
tion is at least twice the orbital period. For Io, instead, six
orbital period is the minimum if we want to infer inte-
rior proprieties from rotation rate measurements using
the compact model. In Table 4, one can see the minimum
number of orbital periods (i.e. minimum mission dura-
tion) necessary to gain knowledge about the bodies’ inte-
rior depending on the PIONEERS model used.

Conclusions

A 6DoF sensor has recently been proposed to improve
the science return of future planetary missions by accu-
rately measuring centrifugal and tidal accelerations
and rotation rate experienced by a spacecraft landed
on a celestial body (Bernauer et al. 2020). Such an
instrument is currently being developed by the iXblue
French company within the PIONEERS framework,
an Horizon 2020 research and innovation program of
the European Commission. The instrument consists
in a combination of Fiber-Optic Gyroscopes (FOGs),
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Table 4 Minimum number of orbital periods (nmin) required to reach the targeted accuracy (« = 0.7) for the three observables,
depending on the PIONEERS model (compact versus high-performance)

Body Nimin (Compact) Npmin (HP)

Observables Q ac ar Q ac ar
Dimorphos 1 [ ] 1 1 1
Phobos [4] [4) ] 1 1 1
Europa [ [ 1 1 % 1
lo 6 [4) 1 1 1 1
Titan [ [ 1 2 7] 1
Enceladus (/] (/] 1 1 1 1
Triton [4) [4] 1 7] 7] 1
Moon (/] (/] % % % 1
Mars [4) [4) ] (7] 7] 1

Nmin is related to the mission duration by tm, ... = NminTorb

micro-electro-mechanical systems (MEMS) and a very-
broad-band seismometer (VBB), which makes it perfectly
well-suited to measure the rotation, tides and quakes of a
celestial object.

The present study provides details regarding the
determination of the rotation and tides of the five bod-
ies considered by Bernauer et al. (2020), namely Dimor-
phos, Phobos, Europa, the Moon and Mars, along with
four additional bodies also identified as probable tar-
get for future missions: lo, Titan, Enceladus and Tri-
ton. For all these bodies, the level of precision in the
rotation rate and centrifugal and tidal accelerations
necessary to improve our knowledge of their interior
structure (or atmosphere dynamics for Mars) has been
identified and converted into requirements for a 6DoF
sensor. We then discussed the relevance of deploying
a 6DoF sensor on each of these nine objects, by com-
paring the required measurement accuracy and the
targeted self-noise of the PIONEERS instrument. The
former depends on the mission duration because it has
to be expressed in Amplitude Spectral Density (ASD)
to be compared to the latter. Following Bernauer et al.
(2020), two levels of self-noise for the instrument have
been considered: that of a compact instrument capable
of measuring linear acceleration spectral density at a
level of 10~° m/s?/+/Hz and rotation rate spectral den-
sity at 107° rad/s/+/Hz, and that of a high-performance
instrument about one thousand times more accu-
rate (10 pms~2Hz /2 and 5nrads~'Hz"1/2, for linear
acceleration and rotation rate, respectively). Assum-
ing for each body a mission operating over 10 orbital
periods (except for Mars for which we set to be equal
to only one martian year), we found that Phobos, the
Moon and Mars could not be investigated with the
PIONEERS compact model, while the others could all

have their interior constrained from either the meas-
urement of their rotation rate and/or centrifugal accel-
eration and/or tidal acceleration with such a model. We
also found that the PIONEERS high-performance pro-
totype instrument would be suitable for all nine bod-
ies with regard to the acceleration measurements, but
would still not be good enough to infer interior con-
straints from rotation rate measurements in the case of
Triton, the Moon and Mars. Furthermore, the precision
of PIONEERS’ instruments is comparable or superior
to the RS experiments of upcoming Phobos and Europa
missions. Precise measurements of Phobos’ libration
amplitude such as those provided by PIONEERS, cou-
pled with more precise measurements of the degree-
two gravity field from the upcoming MMX mission,
can confirm the heterogeneous interior of the Martian
moon, as explained by Le Maistre et al. (2019). Accu-
rate tidal measurements of Europa will help to deter-
mine the thickness and rheology of the ice shell, as well
as the density of the ocean. This information is crucial
for assessing the Jovian moon’s potential for habitabil-
ity (Mazarico et al. 2023). These examples demonstrate
the relevance of libration and tidal measurements in
advancing our understanding of the origins of our Solar
System and the identification of potentially habitable
environments within our Solar System, making this
instrument worthy of consideration in a payload suite
for a future mission. We finally pointed out the balance
existing between the instrument performance and the
mission duration: the longer the mission is, the more
accurate is the instrument precision needed. Given
this, we have identified for each body the shortest mis-
sion duration allowed by the instrument self-noise that
would still achieve the geophysical objectives consid-
ered in this paper.
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Table5 A = 10 Uncertainties in bodies’ mass and radius from
Jet Propulsion Laboratory—Solar System Dynamics website

Body Arlkm] AMp[10%%kg]
Dimorphos 0.004 Didymos: 5e—15
Phobos 0.04 Mars: 0.000030
Europa 0.30 Jupiter: 0.088

lo 0.50 -

Titan 0.02 Saturn: 0.026
Enceladus 0.20 -

Triton 240 Neptune: 0.0048
Moon 0.1 Earth: 0.00028
Mars 0.2 Sun: 7e-11

Values of the Didymos system are from Daly (2023)

Appendix A: Total tidal acceleration
An accelerometer on the surface can measure the direct
tidal acceleration as well as the induced accelerations
due to the displacement of the surface resulting from the
mass redistribution inside the body. We provide here the
detailed derivation of Eq. 3.

The tidal potential (V;) perturbs the body gravity
potential (V). Manipulating the tidal potential equation
truncated at degree two, the variations in the external
potential field can be expressed as
- M, ( r ) 3]",

Vr
My \d

% (13)

where M, is the mass of the perturbing body, 4 is the dis-
tance between the center of mass of the two bodies, r is
the radius of the body and I is equal to 6e for synchro-
nous bodies or 3/2 for fast rotators. The ratio between
the direct tidal (aqr) and self-gravitational (g = GM,/r?)
accelerations equals the corresponding ratio between
tidal (V) and gravitational potentials V; therefore, using
Eq. 3, we can write

Table 6 Relative contributions to PIONEERS observables
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g V. M,

3

aar _ V1 _ My (;) r, (14)
from where the expression of aqr can easily derived. The
acceleration as measured by a system on the surface of
the body feels the direct tidal attraction aqr, the dis-
placement of the surface related to the Love number h
(hV7/g) and the effect of the mass redistribution due to
the tides related to Love number k (additional potential
at surface kVr). The combination § = 1 + /# — k defines
the tidal gravimeter factor that is used to express the total
tidal acceleration

GMyr
d3

ar = dagr = 6 r. (15)
Since d is time-dependent, to evaluate the average ampli-
tude of the tidal signal we use the mean distance of the
body with respect to the primary.

If the moon’s spin axis is tilted relative to its orbital
plane, a second tidal force is due to the moon’s obliquity.
The tidal potential due to obliquity tides is defined by
Eq. 2 in (Tyler 2009) and it is proportional to

3
Vr, o« =Q%r,

2 (16)

where Q is the rotation rate and / the obliquity. Using the
same reasoning as above, we can express the total tidal
acceleration due to obliquity as

3
ar, = 8agr, X 8592;‘1. (17)

Appendix B: Sensitivity analysis and levels

of precision

Here, we quantify the sensitivity of the PIONEERS
observables to the different parameters defining them
and compare that of the target-interior parameters (i.e.

Body AAL/AL Ao/ R0 Ar/r AMp/Mp Ad/d 6Ae/e AS/S
Dimorphos 14 0.048 5.298 0.07 0.1 ~0 1.38e-5
Phobos 0.018 0.008 0.361 4.7e-7 0.004 0452 7.65e—7
Europa 044 le=5 0.019 6.6e—6 0.002 0.923 0.02

lo 2.00 4e—4 0.027 6.6e—6 0.007 2610 0.98
Titan 06 2e-5 0.001 1.9e-6 0.0005 0.042 0.1
Enceladus 0.25 3e—4 0.079 1.9e-6 0.002 0.252 0.0078
Triton 06 0.14 0177 14e—-4 0.009 0.1 043
Moon 0.003 ~0 0.006 2e-7 ~0 ~0 8.0e—4
Mars 1.00 ~0 0.006 7.5e-9 ~0 ~0 7.9e-3
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Table 7 Required data timing accuracy to measure libration
amplitudes

Body At [s]

Dimorphos 4.775e-2
Phobos 9.154e-4
Europa 1.992e-3
lo 1.799e-2
Titan 6.238e—4
Enceladus 2.900e-3
Triton 1.629e-3
Moon 1.866e—6
Mars 1.551e-2

Ar and §) with that of the uncertainties/errors in all the
other parameters entering in Egs. (3—5). The relative con-
tribution of each parameter to the PIONEERS observa-
bles are given below at first order in the A quantities:

AR AL L A% oo aq - Q2rAr 18
A 2AA 2AQ
de 220 0 _2120,AQ;
9 Ar
—2Q2tAL + — —tan(¢)Ag,
r
Aart AS AMp Ar 3Ad AT
~ = )
ar 8 M, r d r

To evaluate each term of the above equation, we use
numerical values reported in Table 1 for M, and refer-
ence radii r, and the numerical values of their associated
variations are taken from Table 5, assuming A = 1o of
the considered parameter.

Except for Mars, all the bodies considered in this
study are in 1:1 spin—orbit resonance, so we have
Qo= =27/Towp, =, with [ the mean motion.
I' = 3/2 for fast rotators like Mars, but it becomes vari-
able for synchronous bodies for which I' =6e and
AT /T = 6Ae/e. Therefore, Qq, I' and d are all related to
the orbit of the bodies. We thus infer the order of mag-
nitude of AQp, Ad and Ae for each body from the accu-
racy of their orbit, which is taken from literature and/
or quantified here by comparing two recent ephemeris,
one from the IMCCE team and the other from JPL,
when both are available. Figure 8 shows Ad/d, Al and
Ae/e for each body. For Triton, there are no ephem-
eris from IMCCE, so we use the same error as lo for d
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(i.e.Ad ~ 30 km) and conservative errors of 0.01% for
its rotation rate and of 0.1% for its orbital eccentricity.
Table 6 provides per observable and in percent, the rela-
tive contributions/errors of each quantity affecting the
PIONEERS measurements. Uncertainties in the lander
position are usually very small. Figure 8 shows how an
error in the lander latitude propagates to the centrifugal
acceleration. We see that for low-latitude landers, posi-
tional errors are negligible and that an error lower than
0.001° in the lander latitude should be targeted for high-
latitude landers. Note that we considered equatorial
landers in the paper, so position error has no influence
on a. in our study. The reference radius, r, is the limiting
factor which can surpass the target signal if the topogra-
phy of the body is poorly known. In particular, current
knowledge on Dimorphos shape could prevent us from
properly retrieve the libration amplitude from centrifu-
gal acceleration and the tidal gravimeter factor from the
tidal acceleration. Nevertheless, the periodic signature
of the libration signal in a. could still be detectable and
if not, then one could still determine librations from the
rotation rate observable, which is not depending on r.
The same reasoning applies to Phobos and the Moon, for
which the signature of Ar in a, is slightly larger than the
signature of the interior in the libration amplitudes (see
Tab. 6). Note that for Dimorphos, the large uncertainty
in r will be reduced by the forthcoming Hera mission.
The determination of the tidal gravimeter factor, §, is the
most challenging. It only exceeds the noise coming from
the uncertainties in the other parameters for Europa, Io,
Titan, Triton and Mars.

An error in the data timing can also hide the target
signal. To avoid this, we need the onboard computer
to time tag the PIONEERS observations with a preci-
sion that induces relative errors smaller than AAy /Ay
and smaller than A§/§. As timing errors multiplied by
¢t in the expressions for the total error on the rotation
rate and centrifugal acceleration (see Eq. 18-20), we
compute Af when maximum, i.e. at £ = t,,, = nT,, with
n = 10 (except for Mars where # is set to 1 as done in
the rest of the calculations of the paper), such that

1  AAp
207y ALl

t < (21)
and Atfpyrs = 10At for the rotation rate observable.
For centrifugal acceleration the time tag requirements
reported in Table 7 must be divided by 2. For tidal accel-
eration measurements, the timing error is of the order of
that of Ad/d.
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6DoF motion sensor observables
Librations Tidal displacement

Prime meridian

Tidal Force

Fig. 1 Schematic representation of the observables that can be measured with the 6DoF motion sensor developed by the PIONEERS programme,
namely rotation variations (left panel) and tidal deformation (right panel). These types of observations are excellent tools for inferring the interior
structure of Solar System bodies, represented here by Mars (left panel) and a possible interior structure of icy moons with a subsurface ocean
beneath an icy crust (right panel). The bodies shown are not to scale
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Fig. 2 Difference between the maximum and minimum of the expected signal levels according to possible interior structure models. The
centrifugal acceleration is evaluated at the equator (¢ = 0), with the values of the radii shown in Table 1
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Fig. 7 Numerical calculation of the ASD of a pure sine with white noise for different observation duration of 8 (a), 32 (b) and 256 (c) times the target
signal period. The traditional approximation (green line) fails to predict the ASD value, while Eq. (23) (cyan line) successfully provides the effective

amplitude of the signal

Appendix C. Amplitude Spectral Density (ASD)

of a pure sine signal

The calculation of the ASD of a pure sine wave is rep-
resented in the frequency domain as a single peak at its
own frequency, with an amplitude proportional to the
strength of the wave. The ASD level of a pure sine wave
depends on the associated frequency and bandwidth.
Using the approach defined by Bormann and Wielandt
(2013) for signals with a finite bandwidth, we know
that the root mean square (RMS) amplitude (or effec-
tive amplitude) of a wavelet f(t) can be approximated as
(Eq.4.16 in Bormann and Wielandt (2013))

ArMs =S =P x (fu — 1),

(22)

where P is the power spectral density, and f, and f; are
the upper and lower corner frequencies of the band-
passed signal. Assuming a signal with a 1/3 octave
bandwidth centered around the frequency f, we have
(fu —f1) = 0.23f. Given the fact that fy = 1/T, where T
is the period of the signal, and the total observation dura-
tion defined as t,, = 107, we can write

[tm [t
S =+vP=A — &~ Sy —.
ASD ‘/_ RMS 23 9

This formula differs from the classical approximation
(S//2), by the fact that it relies on the observation dura-
tion (t), i.e. on the frequency and bandwidth of the
signal. Figure 7 shows that our Eq. (23) correctly approxi-
mates the effective amplitude of a sinusoidal signal while
the classical approximation (S/+/2) does not.

(23)
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